This paper presents weight function approach with piece wise polynomial interpolation function to determine the stress intensity factors at the surface and deepest points of a semi elliptical crack induced at the blade mounting locations of the rotor system. Initially, the mathematical model representing tapered rotating disc is solved and the equations for radial stress are obtained. Using the compatibility conditions, these equations are applied to plot the stress distribution at blade mounting locations in steam turbine rotor system. In the second part, weight functions with five and six terms are derived separately at the surface and the deepest points of semi elliptical crack to determine the stress intensity factors. The coefficients of these functions are determined assuming piece wise polynomial stress distribution along the crack. This weight function approach is applied to a semi elliptical crack at blade mounting locations by considering the stresses at discrete points of the crack obtained in first part and the stress intensity factors (SIFs) are determined. The results obtained are validated with the influence coefficient approach.
INTRODUCTION
The increase in demand for the thermal power generation requires effective design of components in thermal power plants. One of the critical components in the plant is turbine rotor and it is subjected to high magnitude of stresses which affects its life. The effect of failure of rotor is enormous in terms of electricity generation failure and economic loss for the plant. Hence in order to avoid the interruption of power generation and increase the reliability of turbine rotor system, it is necessary to perform the analysis of steam turbine rotor .The blade mounting location of the rotor is critical part where the stress concentration is more and increases the probability of development of crack. Most of the researchers have concentrated on examining the reasons for crack development and failure of rotor using microscopic and chemical testing on the cracked part.
Many cylindrical components having geometrical discontinuities are subjected to dynamic loading. These components may have inherent micro cracks. During the operations, these cracks may propagate and lead to failure of the cylinders. Hence determination of stress intensity factors becomes critical in these components [1] [2] [3] [4] [5] . The effect of geometrical discontinuities is studied by a number of researchers [6] [7] [8] [9] . For transportation of fluids in different application, pipes are the critical components and are subjected to complex loadings. During manufacturing, defects may be incorporated in pipes which create initialization of cracks and the probability of failure gets worsened due to crack growth and propagation.
Banaszkiewicz et.al. [10] has analyzed nonstationary stresses and fatigue cracking in impulse steam turbine rotors and identified the most frequent locations of crack appearance. The number of cycles to crack initiation has been calculated based on the strain amplitudes correspond well with the operating experience of this type of rotors. Hattingh, D. G. et.al. [11] have presented a case study dealing with the assessment of cracking observed at steam turbine blade attachment grooves. The work outlined a fracture mechanics analysis of in service cracking observed and aimed at assessing critical defect sizes to support either replacement or repair. Banaszkiewicz, M. et.al. [12] in their work presented root cause analysis of steam turbine rotor blade groove cracking. The blades in the failed rotor are removed and it was subjected to metallographic and non destructive testing like magnetic particle testing. Based on the analysis performed, it was decided to repair two discs using the process of weld built up. The stress fields in the blade grooves were calculated and the possibility of cracking was assessed as stress corrosion. They proposed change in the blade groove geometry to ensure the tolerance to the stress corrosion cracking. Barella, S. et.al. [13] have explored the origin of the fatigue phenomenon in relation to the blade fixing method and its groove in the turbine rotor. The failed rotor was cut to open the cracked surface and the fractured surface analysis was conducted.SEM analysis along with energy dispersive spectroscopy was performed for chemical analysis. To perform the metallographic analysis, optical microscope was used for microscopic samples. It was suggested to perform early stage nondestructive testing methods while the turbine rotor is in operation to avoid the rotor failure. Nikravesh, M. Y. et.al. [14] analyzed the propagation of a circumferential crack at three points of the turbine rotor . Through the obtained results, a crack front shape is achieved which can be used in rotor vibration analysis. Vasovic I. et. al. [15] have focused on the stress analysis and the determination of fracture mechanics parameters in low pressure (LP) turbine rotor discs and on developing analytic expressions for stress intensity factors at the critical location of LP steam turbine disc. They have used conventional finite elements to determine stress intensity factors. Shlyannikov, V. N. et. al. [16] determined the elastic-plastic fracture mechanics parameters, full-size stressstrain state analysis of the turbine disk was performed for semi-elliptical cracks under startup loading conditions. Prasad K. et.al. [17] performed experimental analysis on the forged turbine disc to study the effect of directionality on the crack growth behavior and observed that a higher crack growth rate in radial direction than tangential direction in a forged turbine disc made of a super alloy. Hu D. et.al. [18] discussed the possible microscopic mechanisms to explain the grain size effect on the FCG behaviors based on crack deflection and blockage, and the crack closure inducements involving plasticity. Hu D. et.al. [19] conducted tests on tension specimens and investigated the fatigue crack growth characteristics using stochastic fatigue crack growth model. Based on the experimental results, they performed probabilistic analysis on the damage tolerance of the turbine disk.
From the literature review , it is observed that most of the researchers have studied the effect of semi elliptical crack on different components like cylinders , pipes , plates , pressure vessels, rotors etc. using different approaches . Some of the researchers had concentrated on the effect of crack in turbine rotor. But the all the researchers have concentrated only on the experimental analysis of specimen at the failure zone of the turbine rotor after it failed. The objective of this paper is to present analytical approach to investigate the stress intensity factors of semi elliptical crack in the steam turbine rotor system.
MODELLING OF TAPERED ROTATING DISK
The stresses induced in rotors are three dimensional as they are of complex geometry. Hence in order to obtain the meaningful results, there is a need to have some assumption so that these assumptions simplify the complexity of the problem and lead to closed form solutions. One assumption that can be made is the axial symmetry with reference to the geometrical shape and also forces acting. Even though the symmetry related to geometry may not be justified completely, but the effect of disk uniformities can be considered later as localized effect .Another assumption that can be introduced is planes stress, if the dimensions along the axial direction are not too large. This type of rotating member is called as thin disc. With this assumption, the loads acting are considered on the plane xy and the stresses acting along the z direction can be considered as zero and the stress state is plane.
The general governing differential equation Eq.(1) which represents a rotating disc along the radius is
For a conical disc as shown in Fig. 1 , t=t 0 (1-k) where t 0 is the imaginary disc thickness at the axis, k is dimensionless variable representing radius r/R 
The solution of the above differential equation gives the radial displacement and the radial and tangential stresses induced given in Eq. (3)
To determine the constants A and B, four different cases i.e. disc subjected to radial stress at inner radius, at outer radius, at inner and outer radii and only centrifugal load are considered and the expressions for stresses induced and radial displacement in the disc are determined.
STRESSES IN STEAM TURBINE ROTOR
Using the concept of superposition, the equations for applied to determine the stresses induced at blade mounting locations of a steam turbine rotor. The mechanical component as shown in Fig. 2 is the axisymmetric plane of a steam turbine rotor disc with radii at different sections as a 1 , a 2 , a 3 , a 4 and a 5 . The thicknesses at the corresponding sections are b 1 , b 2 , b 3 , b 4 and b 5 . The disc rotates with angular velocity of 2600 rpm. The surface forces acting at radii a1, a 2 , a 4 and a 5 are considered as zero and the only surface force considered is at radii a 3 . This force is the centrifugal force due to the rotation of the blade. Using the above equations derived, the stresses as well as the radial displacement are determined. To analyze this problem, first it is necessary to determine the stresses at radii a 1 , a 2 , a 3 and a 4 which are designated as σ a1 , σ a2 , σ a3 and σ a4 . Hence there are four unknown stresses which are to be determined. For this the compatibility equations for radial displacement are considered i.e. at each radius, the radial displacement of the outer edge of inner part is equal to the radial displacement of inner edge of outer part. Again principle of superposition is used to determine the radial displacement at each interface.
At interface A of radius a 1 , the radial displacement considering the interface A on zone 1 equated with the radial displacement considering the same interface A on zone 2 to determine a linear equation with unknowns σ a1 and σ a2 . The radial displacement of interface A considering it on zone 1 is equal to the sum of two contributions determined at radius a 1 ie radial displacement due to centrifugal force of zone 1 and stress σ a1 .
The radial displacement of the same interface A considering it on zone 2 is equal to the sum of three contributions again determined at radius a 1 i.e. radial displacement due to centrifugal force on zone 2, stress σ a1 and stress σ a2 . Applying the same compatibility condition at the remaining interfaces, four linear equations are obtained. These equations are solved and the stresses σ a1 , σ a2 , σ a3 and σ a4 at the interfaces A, B, C and D are determined. The variation of radial stress the radius is shown in Fig. 3 . From the radial stress variation shown in Figure  3 , it is observed that the radial stresses induced are relatively higher with the consideration of blade rotation centrifugal force. Especially at the blade mounting locations, there is an instant increase in the radial stress by almost 4.5 times. This indicates the probability of Mode I type crack formation at this location. Hence, a semi elliptical crack is considered at the blade mounting location and the weight function approach is applied to determine the SIFs.
WEIGHT FUNCTION APPROACH WITH PIECE WISE POLYNOMIAL FUNCTION
Whenever cracks are subjected to arbitrary stress distribution, to evaluate the stress intensity factor, the weight function method is widely used. The high efficiency of this method is that the weight function depends only on the geometry of the crack. Once the weight functions are derived, then Mode I SIF can be determined using Eq. (4) given.
where σ r is the arbitrary stress distribution along the crack, m(x,a) is Mode I weight function and a is the crack depth , x is the distance from the surface towards the crack tip. In the current problem, two different weight functions are assumed for surface and the deepest points.
A polynomial equation is used to represent the actual stress distribution along the crack length. The stresses at discrete points are obtained using the analytical approach given in the earlier section. The actual stress distribution is divided into n number of intervals and the variation of stress between two arbitrary discrete points x i and x i+1 is assumed as linear variation   To determine the stress intensity factors, weight functions with five and six terms are considered separately and the corresponding equations are derived.
The five term weight function considered at the deepest point is given by Eq. 
To determine the weight function coefficients, influence coefficients for the SIF are used. The stress intensity factor in terms of influence coefficients is given by 
The five term weight function considered at the surface point is given by Eq.(7).
where M i are the weight function coefficients which depend on the geometry of the crack and the stress intensity factor is given by Eq. (8)
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To determine the weight function coefficients for the surface point, the same procedure adopted for the deepest point is used and the solution of four linear equations gives the coefficients   
The six term weight function considered at the deepest point and surface points are given by Eq. (9) and Eq. (10) .
    
STRESS INTENSITY FACTORS AT BLADE MOUNTING LOCATIONS
From the observation of the radial stress distribution, the probability of crack formation is high at the blade mounting location. Hence, a semi elliptical crack is modelled as shown in Fig. 4 and the SIFs are calculated using the above approaches. The SIFs for different crack depth ratios of 0.2 to 1 are shown in Fig. 5 and Fig. 6 for the surface and the deepest point with five term weight function and Fig. 7 and Fig. 8 for the surface and the deepest point with six term weight function respectively. The SIF obtained using five term and six term weight function approach are validated with influence coefficient approach [5] . The SIFs at the surface and the deepest point using influence coefficient approach are presented in Fig. 9 and Fig. 10 The difference between five term and six term weight functions is presented in Table 1 and Table  2 for surface and deepest points. The accuracy improved for the proposed method w.r.t . the influence coefficient approach is presented in Table 3 and Table 4 . Stress intensity factor at deepest point using influence coefficient method 
CONCLUSIONS
The present work is focussed on the analytical approach to determine the stress intensity factors at blade mounting locations in steam turbine rotor system. For this purpose, weight function approach is used and the stress intensity factors are determined at critical points surface and deepest points of semi elliptical crack. Two different weight functions with five and six term are used in this approach. The variation of SIF for crack depth ratio a/t is determined for different crack ellipticity ratio a/c values. It is observed that as the crack depth ratio increases, the SIF values also increases for surface and deepest points. But for deepest points at higher crack ellipticity ratios, there is marginal decrease in the SIF value at higher crack depth ratio. The results obtained are compared with the influence approach and it is observed that there is improvement in the accuracy of the results by considering six term weight function.
